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ON THE CONVERGENCE OF MULTIPLE FOURIER
SERIES OF FUNCTIONS OF BOUNDED PARTIAL
GENERALIZED VARIATION
USHANGI GOGINAVA AND ARTUR SAHAKIAN
Abstract. The convergence of multiple Fourier series of functions of
bounded partial Λ-variation is investigated. The sufficient and necessary
conditions on the sequence Λ = {λn} are found for the convergence of
multiple Fourier series of functions of bounded partial Λ-variation.
1. Classes of Functions of Bounded Generalized Variation
In 1881 Jordan [10] introduced a class of functions of bounded variation
and applied it to the theory of Fourier series. Hereafter this notion was
generalized by many authors (quadratic variation, Φ-variation, Λ-variation
ets., see [10, 15, 14, 11]). In two dimensional case the class BV of functions
of bounded variation was introduced by Hardy [9].
Let T := [0, 2pi] and
Jk =
(
ak, bk
)
⊂ T, k = 1, 2, . . . d.
Consider a measurable function f (x) defined on Rd and 2pi-periodic with
respect to each variable. For d = 1 we set
f
(
J1
)
:= f
(
b1
)
− f
(
a1
)
.
If for any function of d − 1 variables the expression f
(
I1 × · · · × Id−1
)
is
already defined, then for a function of d variables the mixed difference is
defined as follows:
f
(
J1 × · · · × Jd
)
:= f
(
J1 × · · · × Jd−1, bd
)
− f
(
J1 × · · · × Jd−1, ad
)
.
Let E = {Ik} be a collection of nonoverlapping intervals from T ordered
in arbitrary way and let Ω be the set of all such collections E. We denote
by Ωn the set of all collections of n nonoverlapping intervals Ik ⊂ T.
For sequences of positive numbers Λj = {λjn}∞n=1, j = 1, 2, . . . , d, the(
Λ1, . . . ,Λd
)
-variation of f with respect to index set D := {1, 2, ..., d} is
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defined as follows:
V DΛ1,...,Λd (f) := sup
{Ijij
}
kj
ij=1
∈Ω
∑
i1,...,id
∣∣f (I1i1 × · · · × Idid)∣∣
λi1 · · · λid
.
For an index set α = {j1, ..., jp} ⊂ D and any x =
(
x1, ..., xd
)
∈ Rd we
set α˜ := D \ α and denote by xα the vector of Rp consisting of components
xj, j ∈ α, i.e.
xα =
(
xj1 , ..., xjp
)
∈ Rp.
By V α
Λj1 ,...,Λjp
(
f, xα˜
)
and f
(
I1ij1
× · · · × Ipijp , x
α˜
)
we denote respectively
the
(
Λj1 , ...,Λjp
)
-variation and the mixed difference of f as a function of
variables xj1 , ..., xjp over the p-dimensional cube T p with fixed values xα˜ of
other variables. The
(
Λj1 , ...,Λjp
)
-variation of f with respect to index set α
is defined as follows:
V α
Λj1 ,...,Λjp
(f) = sup
xα˜∈T d−p
V α
Λj1 ,...,Λjp
(
f, xα˜
)
.
Definition 1. We say that the function f has total Bounded
(
Λ1, ...,Λd
)
-
variation on T d = [0, 2pi]d and write f ∈ BVΛ1,...,Λd, if
VΛ1,...,Λd(f) :=
∑
α⊂D
V α
Λj1 ,...,Λjp
(f) <∞.
Definition 2. We say that the function f is continuous in
(
Λ1, ...,Λd
)
-
variation on T d = [0, 2pi]d and write f ∈ CVΛ1,...,Λd, if
lim
n→∞
V α
Λj1 ,...,Λjk−1 ,Λ
jk
n ,Λ
jk+1 ,...,Λjp
(f) = 0, k = 1, 2, . . . , p
for any α ⊂ D, α := {j1, ..., jp}, where Λ
jk
n :=
{
λjks
}∞
s=n
.
Definition 3. We say that the function f has Bounded Partial
(
Λ1, ...,Λd
)
-
variation and write f ∈ PBVΛ1,...,Λd if
PVΛ1,...,Λd(f) :=
d∑
i=1
V
{i}
Λi
(f) <∞.
In the case Λ1 = · · · = Λd = Λ we denote
BVΛ := BVΛ1,...,Λd, CVΛ := CVΛ1,...,Λd, PBVΛ := PBVΛ1,...,Λd
and
CVΛ := VΛ1,...,Λd(f)CVΛ, PVΛ(f) := PVΛ1,...,Λd(f).
If λn ≡ 1 (or if 0 < c < λn < C < ∞, n = 1, 2, . . .) the classes BVΛ and
PBVΛ coincide with the Hardy class BV and PBV respectively. Hence it is
reasonable to assume that λn → ∞ and since the intervals in E = {Ii} are
CONVERGENCE OF MULTIPLE FOURIER SERIES 3
ordered arbitrarily, we suppose, without loss of generality, that the sequence
{λn} is increasing. Thus,
(1) 1 < λ1 ≤ λ2 ≤ . . . , lim
n→∞
λn =∞.
When λn = n for all n = 1, 2 . . . we say Harmonic Variation instead of
Λ-variation and write H instead of Λ (BVH , PBVH , CVH , ets).
Remark 1. The notion of Λ-variation was introduced by Waterman [14]
in one dimensional case, by Sahakian [13] in two dimensional case and by
Sablin [12] in the case of higher dimensions. The notion of bounded partial
variation (class PBV ) was introduced by Goginava in [6, 7]. These classes
of functions of generalized bounded variation play an important role in the
theory Fourier series.
Observe, that the number of variations in Definition 1 of total variation
is 2d − 1, while the number of variations in Definition 2 of partial variation
is only d.
The statements of the following theorem are known.
Theorem A. 1) (Dragoshanski [5]) If d = 2, then BVH = CVH .
2) (Bakhvalov [1]) CVH =
⋃
ΓBVΓ for any d, where the union is taken
over all sequences Γ = {γn}
∞
n=1 with γn = o(n) as n→∞.
3) (Goginava, Sahakian [8]) If d = 2, then PBVΛ ⊂ BVH , provided that
(2)
λn
n
↓ 0 and
∞∑
n=1
λn
n2
<∞,
Using the third statement of Theorem A, we have proved in [8] the con-
vergence of double Fourier series of functions of any class PBVΛ with (2).
To obtain similar result for higher dimensions we need stronger result, since
the inclusion PBVΛ ⊂ BVH is not enough in this case (see next section for
details).
Theorem 1. Let Λ = {λn}
∞
n=1 and d ≥ 2. If
(3)
λn
n
↓ 0 and
∞∑
n=1
λn log
d−2 n
n2
<∞,
then there exists a sequence Γ = {γn}
∞
n=1 with
(4) γn = o(n) as n→∞,
such that PBVΛ ⊂ BVΓ.
Proof. Choosing the sequence {An}
∞
n=1 such that
(5) An ↑ ∞,
λnAn
n
↓ 0,
∞∑
n=1
λn log
d−2 nAdn
n2
<∞,
we set
(6) γn =
n
An
, n = 1, 2, . . .
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We prove that there is a constant C > 0 such that
(7)
∑
i1,...,ip
∣∣∣f (I1i1 × · · · × Ipip , xα˜)∣∣∣
γi1 · · · γip
< C · PVΛ(f),
for any f ∈ PBVΛ and α := {i1, ..., ip} ⊂ D, {I
j
ij
}
kj
ij=1
∈ Ω.
To prove (7) observe, that
∑
i1,..., ip
∣∣∣f (I1i1 × · · · × Ipip , xα˜)∣∣∣
γi1 · · · γip
(8)
=
∑
σ
∑
iσ(1)≤···≤iσ(p)
∣∣∣f (I1i1 × · · · × Ipip , xα˜)∣∣∣
γi1 · · · γip
<∞,
where the sum is taken over all rearrangements σ = {σ(k)}pk=1 of the set
{1, 2, . . . , p}.
Denoting M = PVΛ(f) and using (6), (5) and (3) we obtain:∑
i1≤i2≤···≤ip
∣∣∣f (I1i1 × · · · × Ipip , xα˜)∣∣∣
γi1 · · · γip
=
∑
i1≤i2≤···≤ip−1
Ai1 · · ·Aip−1
i1 · · · ip−1
∑
ip≥ip−1
∣∣∣f (I1i1 × · · · × Ipip , xα˜)∣∣∣
λip
·
λipAip
ip
≤ M
∑
i1≤i2≤···≤ip−1
Apip−1λip−1
i2p−1
·
1
i1 · · · ip−2
= M
∞∑
iip−1=1
Apip−1λip−1
i2p−1
ip−1∑
ip−2=1
1
ip−2
ip−2∑
ip−3=1
1
ip−3
· · ·
i2∑
i1=1
1
i1
≤ M
∞∑
ip−1=1
Apip−1λip−1
i2p−1
ip−1∑
i=1
1
i
p−2 ≤ C ·M ∞∑
n=1
Apnλn log
d−2 n
n2
<∞.
Similarly we can prove that all other summands in the right hind side of (8)
are finite. Theorem 1 is proved. 
In view of Theorem A, Theorem 1 implies
Corollary 1. If the sequence Λ = {λn}
∞
n=1 satisfies (3), then PBVΛ ⊂ CVH .
Definition 4. The partial modulus of variation vi (n, f), i = 1, . . . , d of a
function f are defined by
vi (n, f) := sup
xβ
sup
{Ij}∈Ωn
n∑
j=1
∣∣∣f (Ij, xβ)∣∣∣ , β = D \ {i}, n = 1, 2, . . . .
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For functions of one variable the concept of modulus of variation was
introduced by Chanturia [2].
Theorem 2. Let f be defined on T d and
(9)
∞∑
j=1
d
√
vi (2j , f)
2j/d
<∞, i = 1, ..., d.
Then there exists a sequence ∆ = {δn}
∞
n=1 with
δn = o (n) as n→∞,
such that f ∈ BV∆.
Proof. We use induction on dimension d. We have proved in [8], that in
the case d = 2 the condition (9) implies f ∈ BVH , which combined with
Theorem A proves Theorem 2 for d = 2.
Supposing Theorem 2 is true if the dimension is less than d, we prove it
for the dimension d > 2.
According to induction hypothesis it is enough to prove that there exists
a sequence δn = o(n) such that
sup
{Ijij
}
kj
ij=1
∈Ω
∑
i1,...,id
∣∣f (I1i1 × · · · × Idid)∣∣
δi1 · · · δid
<∞.
Let the sequence {B2j}
∞
j=1 be chosen so that
B2j ↑ ∞,
∞∑
j=1
B2j
d
√
vi (2j , f)
2j/d
<∞, i = 1, ..., d.
Defining
Bn = B2N , for 2
N ≤ n < 2N+1, N = 0, 1, .....,
we set
(10) δn =
n
Bn
, n = 1, 2 . . .
Then we can write∑
i1,...,id
∣∣f (I1i1 × · · · × Idid)∣∣
δi1 · · · δid
(11)
=
∑
i1,...,id
Bi1 · · ·Bid
∣∣f (I1i1 × · · · × Idid)∣∣
i1 · · · id
=
∞∑
r1=0
· · ·
∞∑
rd=0
2r1+1−1∑
i1=2r1
· · ·
2rd+1−1∑
id=2
rd
Bi1 · · ·Bid
∣∣f (I1i1 × · · · × Idid)∣∣
i1 · · · id
≤
∞∑
r1=0
· · ·
∞∑
rd=0
B2r1
2r1
· · ·
B2rd
2rd
2r1+1−1∑
i1=2r1
· · ·
2rd+1−1∑
id=2
rd
∣∣∣f (I1i1 × · · · × Idid)∣∣∣ .
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It is easy to show that
2r1+1−1∑
i1=2r1
· · ·
2rd+1−1∑
id=2
rd
∣∣∣f (I1i1 × · · · × Idid)∣∣∣
≤ c (d)
∏
i∈β
2ri sup
xβ
sup
{Ikik
}∈Ω2rk
2rk+1−1∑
ik=2
rk
∣∣∣f (Ikik , xβ)∣∣∣ ,
where β := D \ {k}, k = 1, ..., d.
Consequently,
2r1+1−1∑
i1=2r1
· · ·
2rd+1−1∑
id=2
rd
∣∣∣f (I1i1 × · · · × Idid)∣∣∣(12)
=

2r1+1−1∑
i1=2r1
· · ·
2rd+1−1∑
id=2
rd
∣∣∣f (I1i1 × · · · × Idid)∣∣∣
1/d

d
≤ c (d)
d∏
k=1
2rk(1−1/d)
sup
xβ
sup
{Ikik
}∈Ω2rk
2rk+1−1∑
ik=2
rk
∣∣∣f (Ikik , xβ)∣∣∣
1/d
= c (d)
d∏
k=1
2rk(1−1/d) d
√
vk (2rk , f).
Combining (11) and (12) we obtain∑
i1,...,id
∣∣f (I1i1 × · · · × Idid)∣∣
δi1 · · · δid
≤ c (d)
∞∑
r1=0
· · ·
∞∑
rd=0
B2r1v1 (2
r1 , f)
2r1/d
· · ·
B2rdvd (2
rd , f)
2rd/d
<∞.
Theorem 2 is proved. 
2. Convergence of multiple Fourier series
The Fourier series of function f ∈ L1
(
T d
)
with respect to the trigono-
metric system is the series
S [f ] :=
+∞∑
n1,...,nd=−∞
f̂ (n1, ...., nd) e
i(n1x+···+ndxd),
where
f̂ (n1, ...., nd) =
1
(2pi)d
∫
T d
f(x1, ..., xd)e−i(n1x
1+···+ndx
d)dx1 · · · dxd
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are the Fourier coefficients of f . The rectangular partial sums are defined as
follows:
SN1,...,Nd
(
f ;x1, ..., xd
)
:=
N1∑
n1=−N1
· · ·
Nd∑
nd=−Nd
f̂ (n1, ...., nd) e
i(n1x1+···+ndxd)
=
1
pid
∫
T d
f (x1, · · · , xd)
d∏
s=1
DNs (xs) dx1 · · · dxd,
where DN (t) =
sin(N+ 12)t
2sin t
2
is the Dirichlet kernel.
In this paper we consider convergence of only rectangular partial sums
(convergence in the sense of Pringsheim) of d-dimensional Fourier series.
We denote by C(T d) the space of continuous and 2pi-periodic with respect
to each variable functions with the norm
‖f‖C := sup
(x1,..., xd)∈T d
|f(x1, . . . , xd)|.
We say that the point x :=
(
x1, . . . , xd
)
is a regular point of function f if
the following limits exist
f
(
x1 ± 0, ..., xd ± 0
)
:= lim
t1,..., td↓0
f
(
x1 ± t1, . . . , xd ± td
)
.
For the regular point x :=
(
x1, . . . , xd
)
we denote
(13) f∗
(
x1, . . . , xd
)
:=
1
2d
∑
f
(
x1 ± 0, . . . , xd ± 0
)
.
Definition 5. We say that the class of functions V ⊂ L1(T d) is a class of
convergence on T d, if for any function f ∈ V
1) the Fourier series of f converges to f∗(x) at any regular point x ∈ T d,
2) the convergence is uniform on any compact K ⊂ T d, if f is continuous
on the neighborhood of K.
The well known Dirichlet-Jordan theorem (see [16]) states that the Fourier
series of a function f(x), x ∈ T of bounded variation converges at every point
x to the value [f (x+ 0) + f (x− 0)] /2. If f is in addition continuous on T ,
the Fourier series converges uniformly on T .
Hardy [9] generalized the Dirichlet-Jordan theorem to the double Fourier
series and proved that BV is a class of convergence on T 2.
The following theorem was proved by Waterman (for d = 1) and Sahakian
(for d = 2).
Theorem WS (Waterman [14], Sahakian [13]). If d = 1 or d = 2, then the
class BVH is a class of convergence on T
d.
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In [1] Bakhvalov showed that the class BVH is not a class of convergence
on T d, if d > 2. On the other hand, he proved the following
Theorem B (Bakhvalov [1]). The class CVH is a class of convergence on
T d for any d = 1, 2, . . .
Convergence of spherical and other partial sums of double Fourier series of
functions of bounded Λ-variation was investigated in deatails by Dyachenko
[3, 4].
The main result of this paper is the following theorem, that we have proved
in [8] for d = 2.
Theorem 3. Let Λ = {λn}
∞
n=1 and d ≥ 2.
a) If
(14)
∞∑
n=1
λn log
d−2 n
n2
<∞,
then PBVΛ is a class of convergence on T
d.
b) If
(15)
λn
n
= O
(
λ[nδ]
[nδ]
)
for some δ > 1, and
(16)
∞∑
n=1
λn log
d−2 n
n2
=∞,
then there exists a continuous function f ∈ PBVΛ, the Fourier series of
which diverges at (0, . . . , 0) .
Proof of Theorem 2. Part a) immediately follows from Corollary 1 and The-
orem B.
To prove part b) we denote
Ai1,...,id :=
[
pii1
N + 1/2
,
pi (i1 + 1)
N + 1/2
)
× · · · ×
[
piid
N + 1/2
,
pi (id + 1)
N + 1/2
)
,
W := {(i1, . . . , id) : id < is < id +mid , 1 ≤ s < d, 1 ≤ id ≤ Nδ} ,
Nδ =
[(
N
2
) 1
δ
]
, tj :=
(mj∑
i=1
1
λi
)−1
, mj :=
[
jδ
]
,
where [x] is the integer part of x.
It is not hard to see, that for any sequence Λ = {λn} satisfying (1) the
class C(T d) ∩ PBVΛ is a Banach space with the norm
‖f‖PBVΛ := ‖f‖C + PVΛ(f).
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Consider the following function
fN (x1, . . . , xd) :=
∑
(i1,..., id)∈W
tid1Ai1,...,id (x1, . . . , xd)
d∏
s=1
sin (N + 1/2) xs,
where 1A (x1, . . . , xd) is the characteristic function of the set A ⊂ T
d.
Let (i1, . . . , ik−1, ik+1, . . . , id) be fixed (k = 1, . . . , d − 1). Then it is easy
to show that
V kΛ (fN ) ≤ C · tid
 id+mid∑
ik=id+1
1
λik−id
 ≤ C · tid
mid∑
ik=1
1
λik
 ≤ C <∞.
If (i1, . . . , id−1) is fixed, the condition (i1, . . . , id) ∈W implies
max {id (is) : 1 ≤ s ≤ d− 1} < id < min {is : 1 ≤ s ≤ d− 1} ,
where
id (is) := min {id : id +mid > is} .
Consequently, by the definition of the function fN we obtain that for any
s = 1, ..., d − 1
V dΛ (fN ) ≤ C
is∑
id=id(is)+1
tid
λid−id(is)
≤ C · tid(is)
is∑
id=id(is)+1
1
λid−id(is)
= C · tid(is)
is−id(is)∑
id=1
1
λid
≤ C · tid(is)
mid(is)∑
id=1
1
λid
= C <∞.
Hence fN ∈ PBVΛ and
(17) ‖fN‖PVΛ ≤ C, N = 1, 2, . . . .
Observe, that by (15) we have
1
tj
=
mj∑
i=1
1
λi
=
mj∑
i=1
1
i
·
i
λi
≤ C
mj
λmj
logmj ≤ C
j log j
λj
.
Hence
tj log j ≥ c
λj
j
.
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Consequently,
pidSN,··· ,N (fN ; 0, · · · , 0)(18)
=
∫
T d
fN
(
x1, · · · , xd
) d∏
s=1
DN (x
s) dx1 · · · dxd
=
∑
(i1,··· ,id)∈W
tid
∫
Ai1,··· , id
d∏
s=1
sin2 (N + 1/2) xs
2 sin (xs/2)
dx1 · · · dxd
≥ c
∑
(i1,··· , id)∈W
tid
1
i1 · · · id
≥ c
Nδ∑
id=1
tid
id
id+mid∑
i1=id
· · ·
id+mid∑
id−1=id
1
i1 · · · id−1
≥ c
Nδ∑
id=1
tid
id
logd−1
(
id +mid
id
)
≥ c(δ − 1)d−1
Nδ∑
id=1
tid log id
id
logd−2 id
≥ c(δ − 1)d−1
Nδ∑
n=1
λn log
d−2 n
n2
→∞,
as N →∞, according to (16).
By Banach-Steinhaus Theorem, (17) and (18) imply the existence of a
continuous function f ∈ PBVΛ such that
sup
N
|SN,··· ,N [f, (0, · · · , 0)]| =∞.

Corollary 2. a) If Λ = {λn}
∞
n=1 with
λn =
n
logd−1+ε n
, n = 1, 2, . . .
for some ε > 0, then the class PBVΛ is a class of convergence on T
d.
b) If Λ = {λn}
∞
n=1 with
λn =
n
logd−1 n
, n = 1, 2, . . . ,
then the class PBVΛ is not a class of convergence on T
d.
The second part of Theorem 2 and Corollary 1 imply
Corollary 3. If the sequence Λ = {λn}
∞
n=1 satisfies (15) and (16), then
PBVΛ 6⊂ CVH .
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Theorem 2 and Theorems A and B imply
Theorem 4. The set of functionsf :
∞∑
j=0
d
√
vi (2j , f)
2j/d
<∞, i = 1, ..., d

is a class of convergence on T d.
Corollary 4. The set of functions
{f : vi (n, f) = O (n
α) , i = 1, ..., d}
is a class of convergence on T d for any α ∈ (0, 1).
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